There is strong evidence that the period-luminosity (PL) relation for the Large Magellanic Cloud (LMC) Cepheids shows a break at a period around 10 days. Since the LMC PL relation is extensively used in distance scale studies, the non-linearity of the LMC PL relation may affect the results based on this LMC calibrated relation. In this paper we show that this problem can be remedied by using the Wesenheit function in obtaining Cepheid distances. This is because the Wesenheit function is linear although recent data suggests that the PL and the period-colour (PC) relations that make up the Wesenheit function are not. We test the linearity of the Wesenheit function and find strong evidence that the LMC Wesenheit function is indeed linear. This is because the non-linearity of the PL and PC relations cancel out when the Wesenheit function is constructed. We discuss this result in the context of distance scale applications. We also compare the distance moduli obtained from µ 0 = µ V − R(µ V − µ I ) (equivalent to Wesenheit functions) constructed with the linear and the broken LMC PL relations, and find that the typical difference in distance moduli is ∼ ±0.03mag. Hence, the broken LMC PL relation does not seriously affect current distance scale applications. We also discuss the random error calculated with equation µ 0 = µ V − R(µ V − µ I ), and show that there is a correlation term that exists from the calculation of the random error. The calculated random error will be larger if this correlation term is ignored.
INTRODUCTION
The Cepheid period-luminosity (PL) relation plays a major role in distance scale studies, which can ultimately be used to determine the Hubble constant. The calibrating PL relation currently used is based mainly on the Large Magellanic Cloud (LMC) Cepheids, as applied by the H0 Key Project team (Freedman et al. 2001 ) as well as in other studies (e.g., Saha et al. 2001; . The Cepheid PL relation has long been considered to be a linear function of log(P ) within the range of log(P ) ∼ 0.3 to log(P ) ∼ 2.0, where P is the pulsation period in days.
However, the non-linearity of the LMC PL relation has been proposed by and , i.e. the LMC data are more consistent with two PL relations and a discontinuity at a period around 10 days. This is illustrated in the lower panels of Figure 1 for the extinction corrected V-band LMC PL relation. The existence of two LMC PL relations is further supported ⋆ E-mail: ngeow@nova.astro.umass.edu by the results from a rigorous statistical test (the F -test), as presented in , which shows that the V-and I-band LMC PL relations are better described by two PL relations. Since the work of and are based on the OGLE (Optical Gravitational Lensing Experiment) LMC Cepheids (Udalski et al. 1999b) , which are truncated at log(P ) ∼ 1.5, Sandage et al. (2004) and Kanbur et al. (2005) used additional data that are available from the literature, especially those with log(P ) > 1.5, to further support the existence of two PL relations in the LMC. These studies of the nonlinear LMC PL relations are focused on the optical bands, as they are mainly based on the OGLE data, we hence discuss the non-linear LMC PL relation in the optical bands in this paper. The non-linear V-band LMC PL relation as seen from the OGLE data has been verified with the MACHO V-band data ). In addition, Ngeow et al. (2005) also extended the study of the non-linear LMC PL relations to the JHK-bands with the 2MASS data. In Tables 1 & 2, we collect the slopes and the zero-points (ZP) for the long (log[P ] > 1.0) and short period optical PL rela- On the top panels, we plot the Wesenheit function for the LMC data, which clearly show that the Wesenheit function is linear. We fit the data with a single line regression, using the least-squares method, as indicated on the figures. On the bottom panels, we show the extinction corrected V-band PL relations, and separate the data into the short (open circles) and long period (filled circles) Cepheids. The fitted PL relations for long, short and all period Cepheids are drawn as dashed, solid and dotted lines, respectively. We extend the short period PL relation to the longer period ranges in order to compare with the long period PL relations. The data in the left and right panels are taken from and Kanbur et al. (2005) , respectively.
tions that are available in the literature 1 , respectively. For completeness, we also include the linear, unbroken PL relation obtained using all Cepheids in these tables. The slopes and ZPs from different papers are consistent and agree with each other. Note that these LMC PL relations have been corrected for reddening. The reason that the LMC PL relation is non-linear is because the period-colour (PC) relation for LMC Cepheids is also non-linear across the 10 days period Sandage et al. 2004; Kanbur et al. 2005) . The detailed investigation of the physics behind the broken LMC PL and PC relation is beyond the scope of this paper, but it is of great interest for the studies of stellar pulsation and evolution.
The existence of two LMC PL relations suggests that in future distance scale studies, the appropriate LMC PL relation may need to be applied to the long and short period Cepheids, respectively (see, e.g., . However, all of the previous applications of the LMC PL relation were based on the linear version (in a sense, it is an approximation of two PL relations). Hence an immediate question that arises is: how does the existence of two LMC PL relations affect previous studies? (A similar question was also asked by Feast 2003.) In this paper we show that if the Cepheid distance to a galaxy is derived using the Wesenheit function (or the equivalent µ0 in equation [4] ), for example in the H0 Key Project (Freedman et al. 2001 , and references therein) or in the Araucaria Project Pietrzyński et al. 2004) , then the results might not be affected (see Section 2.3 for details). This is because the Wesenheit function is linear, even though the PL and PC relations that make up the Wesenheit function are not, as shown in Section 2.2. Given that the LMC PL relation is not linear, and the Wesenheit function has been applied in many papers, we would like to examine the effect of broken LMC PL and PC relations on the application of the Wesenheit function to the distance scale. Again, this will be examined in the optical bands because the V-and I-band LMC PL relations have been frequently applied in the literature (as in, e.g., Freedman et al. 2001) .
In addition to the non-linearity of the LMC PL relation, there are some recent studies also suggesting that the Cepheid PL relation is not universal, i.e., the Galactic PL relation is steeper than the LMC counterparts Fouqué et al. 2003; Storm et al. 2004) . It is possible that the Wesenheit function may or may not depend on metallicity: Some preliminary studies for both viewpoints can be found in the literature (see, e.g., Moffett & Barnes 1986; Caputo et al. 2000; Baraffe & Alibert 2001; Pietrzyński et al. 2004; Storm et al. 2004 ). However the detailed study of the metallicity dependency of the Wesenheit function is beyond the scope of this paper. This paper only studies the linearity of the Wesenheit Function for the LMC Cepheids. (2002) does not give the results from the fit to all Cepheids, we adopted the slopes from Udalski et al. (1999a) because the same dataset is used in both papers.
c The number of long period Cepheids in B-band is ∼ 13, hence the error is larger than the others. (2002) does not give the results from the fit to all Cepheids, we adopted the zero-points from Udalski et al. (1999a) because the same dataset is used in both papers.
b The number of long period Cepheids in B-band is ∼ 13, hence the error is larger than the others.
THE WESENHEIT FUNCTION AND ITS APPLICATION IN DISTANCE SCALE

Definition
The Wesenheit function (e.g., see Freedman 1988; Freedman et al. 1991; Groenewegen 2000; Madore 1976 Madore , 1982 Moffett & Barnes 1986; Tanvir 1997; Udalski et al. 1999a ) is defined as W = magnitude − R × colour, where R is the ratio of total-toselective absorption that has to be adopted. Note that the definition of W depends on the adopted R which may be different in different environments. A few variations of W used in the literature with different combinations of magnitudes and colours are: Another advantage of using W is that the scatter in the W -log(P ) plot is reduced (Madore 1982; Böhm-Vitense 1997; Tanvir 1997 Tanvir , 1999 Udalski et al. 1999a) , as compared to the scatter in the V-or I-band PL relations (see Figure 1) . The remaining scatter is due to the combination of photometric errors and the finite width of the instability strip (for example, see Brodie & Madore 1980; Böhm-Vitense 1997; Gieren et al. 1998) . Furthermore, an equivalent definition of W with the combination of absolute magnitude and colour can be formulated, as WM = MV − R(MV − MI ), then the distance modulus can be obtained, i.e. µW = W − WM. It is straight forward to show that the following equation: is equivalent to µW , where equation (4) is frequently applied in determining the extra-galactic Cepheid distances (see, for example, Allen & Shanks 2004; Freedman et al. 2001; Saha et al. 2001; . Therefore, using equation (4) to obtain the distance modulus is equivalent to obtaining the distance modulus by fitting the W -log(P ) plane with the empirical WM-log(P ) relation.
Testing the Linearity of the Wesenheit Function
Both the Wesenheit function and equation (4) can be written as a combination of V-and I-band PL relations, and they are adopted from the LMC PL relations to derive distances. However, as we mentioned in the Introduction, the LMC PL relations are not linear, hence the applicability of the Wesenheit function and equation (4) is immediately in question. In this sub-section we would like to test the linearity of the Wesenheit function as follows. The PL relation in bandpass λ can be written as: M λ = α X λ + β X λ log(P ). The superscript X denotes the adopted period range, which is either for short (S, log[P ] < 1.0), long (L, log[P ] > 1.0) or all (A, short+long) periods. Then the V -(V − I) Wesenheit function becomes (similar expressions can be derived for other magnitude-colour combinations):
The linearity of W demands that:
By using the slopes in Table 1 , we can calculate the values of the left-hand side and right-hand side in equation (6), as well as the slope for W A by using the unbroken PL relation with equation (5). The results are summarized in Table 3 with different magnitude-colour combinations. The adopted values for R in these combinations are: R = AV /E(B − V ) = 3.24 (Udalski et al. 1999b ); R = AV /E(V −I) = 2.45 (Freedman et al. 2001; Tanvir & Boyle 1999) ; and R = RI = 1.55 (Udalski et al. 1999a ). The errors in Table 3 are estimated with the standard formula for propagation of errors, i.e.
. The same is done for the ZP in Table 4 .
It can be seen immediately from Table 3 & 4 that the short period Wesenheit function is consistent with the long period Wesenheit function, as demanded by equation (6) & (7). Therefore, the Wesenheit function can be regarded as a linear function of log(P ). Furthermore, the short and long period Wesenheit functions are also consistent with the Wesenheit function obtained from using all Cepheids in the LMC or the linear, unbroken PL relation. Note that the value of ∼ −3.3 for the slope of the Wesenheit function (βW ) with I-(V −I) combination also agrees with the values given in Udalski et al. (1999a, βW = −3.277±0.014) or in Udalski (2000, βW = −3.300±0.011). The linearity of the Wesenheit function can be immediately seen from the top panels of Figure 1 . The residuals of the W from the fitted regressions in Figure 1 are also plotted out as function of period in Figure 2 . If the Wesenheit function is non-linear and can be broken into long and short period Wesenheit functions, as in the LMC PL or PC relations, then the residual plots are expected to show a trend for the long period Cepheids (as in the figure 4 from for the PC relation). However, there is no obvious trend of the residuals seen from Figure 2 . This further supports the linearity of the Wesenheit function.
A better and more sophisticated test of the linearity is using the F -test (Weisberg 1980; ). The null hypothesis in our F -test is that a single linear regression is sufficient, while the alternate hypothesis is that two linear regressions are needed to describe the data. These regressions can be obtained with the standard least squares regression method. The setup and the formalism for the Ftest is given in . By calculating the F value with N data points (note that F is a function of N ), we can obtain the probability, p(F ), under the null hypothesis, for the significance of the F value. In general, the null hypothesis can be rejected if F is large (e.g., F > 4) or p(F ) is small. For example, p(F ) < 0.05 indicates that the null hypothesis can be rejected at 2σ level. By using the 634 Cepheids as given in , we found: Hence the results from the F -test strongly suggest that the Wesenheit function is linear. The results with the extinction corrections (as given in Udalski et al. 1999b) or the removal of the obvious outliers in upper panels of Figure 1 and in Figure 2 are essentially the same. By combining the results obtained from this subsection, we found that, statistically, the Wesenheit function for the LMC Cepheids is indeed linear, although the LMC PL and PC relations are not. Figure 1 shows a comparison between the linear Wesenheit function and the broken Vband PL relation obtained from using two datasets. Therefore, for the LMC Cepheids, we conclude that:
Corollary A: The Wesenheit function is statistically linear, and the Wesenheit functions for short (P < 10days), long and all (short+long) period Cepheids are approximately the same, i.e.,
The fundamental reason that the Wesenheit function is linear is because the PC relation, e.g. (V − I) = a + b log(P ), is also broken for the LMC Cepheids, in addition to the broken PL relations. The non-linearities for both of the PL and PC relations cancel out when the Wesenheit function is formulated.
In the next subsection, the result from the corollary A (equation [8] ) are applied to the distance scale measurements, as well as investigate the accuracy of using the linear LMC PL relation vs. the broken LMC PL relation.
Distance Scale Application
For an ensemble of Cepheids in a target galaxy, with N of them being used in determining the distance, then the distance modulus for the i th Cepheid in bandpass λ (usually V and I) is µ i λ = m i λ − β λ log(Pi) − α λ . The distance modulus in bandpass λ for these Cepheids can be obtained by taking the unweighted mean to individual Cepheids, i.e.
The reddening-free distance modulus for the i th Cepheid can be calculated with equation (4), and it is straight forward to show that:
where
). This procedure (see, e.g., Freedman et al. 2001; Leonard et al. 2003; Tanvir 1997) , i.e. calculating the distance modulus for individual Cepheids and taking the unweighted average to be the final distance modulus to that target galaxy, is equivalent to fitting the V-and I-band PL relations to the data and obtaining the µV and µI that apply to equation (4). If the PL relation is linear, then the single, unbroken PL relation (in both V-and I-band) can be adopted to fit to all Cepheids to obtain the distance modulus (µ A 0 ). However, if the PL relation is non-linear, as in the case of LMC Cepheids, then the long period PL relation should be applied to the long period Cepheids, and similarly for the short period Cepheids. For example, attempts to use the broken LMC PL relations to calibrate the extra-galactic Cepheid distances can be found in ; Leonard et al. (2003) ; Thim et al. (2003 Thim et al. ( , 2004 .
As mentioned before, µ0 from equation (4) is equivalent to µW = W − WM, i.e., µ0 = µW . Since the Wesenheit function (both W and WM) for LMC Cepheids is linear (from corollary A or equation [8] ), then the µ0 obtained from using either the broken LMC PL relation (for long and short period Cepheids respectively) or the linear LMC PL relation (for all Cepheids) is expected to agree well with each other. In other words, the difference in the distance modulus (∆µ0) when using either the linear or the broken PL relation should be small. For example, the difference in distance modulus (∆µ0 = µ 
where ∆βW and ∆αW are the differences in slopes and ZPs for the linear and the broken long period Wesenheit function. These coefficients can be calculated using the slopes and ZPs for the V -(V − I) Wesenheit function as given in Table 3 & 4, respectively. If log(P )L ∼ 1.4, then the value of ∆µ0 estimated from equation (11) is around ±0.03mag., corresponding to ∼ 1.5% change in distance (in Mpc). Furthermore, for 1.0 < log(P )L < 2.0, equation (11) suggests that the maximum ∆µ0 when using the linear or the broken long period PL relation from Table 1 & 2 is ∼ ±0.07mag. A similar estimation can be done for the short period Cepheids (with 0.0 < log[P ]S < 1.0) with maximum ∆µ0 of ∼ ±0.02mag. Even though the value of ∆µ0 is small, it has a systematic effect on the distance scale because of the different PL relations used. We give two examples to illustrate the above discussion further:
(i) calculated the distance moduli to 25 HST observed galaxies with the linear and the broken long period LMC PL relations (as ∼ 98% of the Cepheids detected in these galaxies have period longer that 10 days). By comparing the distance moduli derived from the linear PL relation and the broken long period PL relation, the unweighted average of ∆µ0 in these 25 galaxies is −0.021 ± 0.002mag., in the sense that the linear PL relation systematically produces slightly smaller distance moduli than the broken long period PL relation. Since the mean log-period for most of these galaxies is ∼ 1.4 , then the difference of −0.02mag. is expected and agrees well with the above discussion.
(ii) To compare the distance moduli obtained from using the linear and the broken PL relations, we use the Cepheids in IC 4182 (with the data from Gibson et al. 2000) as an example, because this galaxy contains roughly equal number of short (N = 13) and long (N = 15) period Cepheids. The distance moduli from using the linear, unbroken PL relation with all 28 Cepheids (µ A 0 ) are compared with the mean distance moduli (µ0, from equation [9] ) obtained from applying the broken long and short period PL relation to the individual long and short period Cepheids, respectively. The PL relations used, include the linear and the broken PL relations, are taken from Table 1 & 2, and the results are presented in Table 5 . From this table, µ A 0 shows a good agreement to µ0, with a difference of ∼ 0.01mag. or smaller 2 .
In short, when using the LMC PL relations to derive the Cepheid distances, we conclude that:
Corollary B: The distance moduli are approximately the same when using either the linear PL relation (to all Cepheids) or the means with broken PL relation (to long and short period Cepheids respectively), i.e.,
Both of the approaches will give similar and consistent distance moduli. Recall that the linear PL relation is the approximation of the broken PL relation, and the accuracy of 2 Note that the median values of ∼ 28.25mag. for µ A 0 and µ 0 in Table 5 (4) By definition, the random error for µ = 1 N N i=1 µ i , due to purely statistical fluctuations, is:
This equation holds for the µ λ and µ0 (from equation [9] ). We can expand the expression for σ 2 0 by substituting the expression for µ i 0 and µ0 to equation (13), then:
where σ 2 V and σ 2 I are given by equation (13), and CORRV I =
, a term for the correlated residuals from both bands (Tanvir 1997; Freedman et al. 2001) . Note that the use of equation (13) to estimate the random errors for the Cepheid distance modulus has been practiced in the literature (e.g., see Freedman et al. 2001; .
On the other hand, if we apply the standard equation for the propagation of errors (POE) to equation (4) or (10), by ignoring the correlation term, then we have
. By comparing this expression to equation (14), we obtain: σ since the term CORRV I is mostly likely to be positive. This is because (a) R > 1 from the extinction curve; and
is mostly likely to be positive. The second condition is due to the existence of the periodluminosity-colour relation: if the V-band magnitude for a Cepheid is above (or below) the ridge-line of the V-band PL relation, then the corresponding I-band magnitude will also be above (or below) the ridge-line of the I-band PL relation. The result is that if (µ i V − µV ) is positive (or negative), then (µ i I − µI ) is also positive (or negative), and hence the product of these two is positive. Further, if the extinction and/or the correlated errors (from measurement) make (µ i V − µV ) to be positive/negative, then (µ i I − µI ) is also going to be positive/negative, and again the product will be positive. Errors estimated from error propagation with equation (10), i.e. σ 2 0 (P OE), will ignore the CORRV I term and hence resulted a larger random error than the random error estimated from equation (13). Note that all the errors discussed here, the σ, are random errors only, which do not include the systematic errors such as the errors arise from the calibrations, the width of the instability strip, and others (see, e.g., the discussion by Saha et al. 2000) .
CONCLUSION
Due to the recent discovery of the non-linearity for the LMC PL and PC relations, Feast (2003) has asked the following critical question:
"· · · is there a significant slope difference between short and long (>∼ 10days) Cepheids that would seriously affect the calibration and use of PL [and PC] relation?"
From this study, we showed that this problem can be remedied with the application of the Wesenheit function in distance scale studies. This is because the Wesenheit function for the LMC Cepheids is linear (corollary A), as shown in Section 2.2, although the LMC PL and PC relations are not. Therefore, the Cepheid distances obtained with the Wesenheit function or the equivalent µ0 would not be affected with the recent finding of the broken PL and PC relations. We also found that the typical difference in distance modulus from using the linear or the broken PL relations is about ±0.03mag. Hence, researchers can choose to apply either the linear or the broken LMC PL relations to obtain the Cepheid distances, without worrying that these two approaches will give inconsistent results, as both approaches are equally applicable in deriving the Cepheid distance (corollary B). Therefore, the broken PL relation found in the LMC Cepheids will not seriously affect the previous applications of the linear LMC PL relation in distance scale studies because the effect is minimal. The question raised by Feast (2003) is essentially answered.
